CHAPTER 7
SUCCESSIVE DIFFERENTIATION

TOPICS:

1. Successivedifferentiation-nth derivative of a function —theorems.
2. Finding the nth derivative of the given function.

3. Leibnitz' stheorem and its applications.




SUCCESSIVE DIFFERENTIATION

Let f be adifferentiable function on an interval 1. Then the derivative f' isafunction of x and
if f' isdifferentiable at x, then the derivative of f' at x is called second derivative of f at x. Itis
denoted by f"(x) or f9(x).similarly, if f* is differentialble at x , then this derivativeis called the
3" derivative of f and it is denoted by f¥(x). Proceeding in this way the n™ derivative of f is the
derivative of the function f™?(x) and it the denoted by f™(x).

n
If y = f(x) then f ™ (x) is denoted by j Bnl or D"y or y™ or y,
X

£ (x+h) - £ (x)
h

(n) — i
and f (X)—LIETJ

THEOREM

If f(x) = (ax +b)™",mOR,ax+b>0andn N then
f™(x) =m(m-)(m -2)...(m -n +1)(ax +b)™""a"

Note:
If y =(ax + b)"then y,=m(m-1)(M=2) ...(m—=n+1)(ax + b)""a".

COROLLARY
If f(x) = (ax + b)™,m 0 Z, m>0,n O N then
(Hm<n=fx) =0,
([{iym=n=fVx)=n
(i m>n=f0x) = —™ _(ax+b)™"a".
(m=-n)!
COROLLARY
If f(x) is a polynomial function of degree less than n wheren O N then f™(x) = 0.

THEOREM

—N"hig" —1\"n1an
If f(x):i then f(n)(x) = Ln'aﬂ_(i_e_’ If y = 1 = Ln_a+1
THEOREM

_N\"1rn— n
If () = log [ax + bl and n T N then £ ™ (x) = CY_(N=Dia
(ax +b)"

_ (-)"*(n-ta"
(ax +b)"

i.e,y=loglax+b| = vy,



THEOREM
If £(x) = sin(ax + b) and n O N then ™ (x) =" sin(ax +b+%Tj.
THEOREM

If f(x) = cos(ax + b) and n O N then f(V(x) =a" cos(ax +b+n7nj.

THEOREM
If f(x) = e™PandnON then ™ (x) =a"e**? .

THEOREM
If f(x) = c¢**® ¢>0and n O N then f™(x) =a"c®*P(logc)".

THEOREM

If f(x) = e sin(bx +c) and n O N then (™ (x) =r"e® sin(bx +c +n6) wherea=rcos 0, b=rsin
0 and r = a2+b2,6:Tan_1(9j
a
THEOREM
If f(x) = € cos(bx +¢) and nCJ N then f " (x) = r"e® cos(bx +c +n6) wherea=rcos8, b=rsin
8 and r=+/a’ +b?,0 :Tan‘l(gj.
a
Note:
If f, g are two functionsin x having their n™ derivatives then

(F+9)"x) = (x) g™ (x).

Note:
If f isafunction in x having nth derivative and k O R then (kf )™ (x) = kf " (x).



Sal:

Sol:

Sol:

Sol:

EXERCISE — 7 (a)

Find the nth derivative of sin®x.

we know that sin3x =3sinx —4sin®x = sin®x =w
: : : d" oy 1d
Differentiate ntimesw.r.t x, (sin°x) == ——(3sinx —sin3x)
X" 4 dx"

=1 3 gin[ 3x + ™ +3sin[ x +" ™ |n Oz
4 2 2

Find thenth derivative of sin 5x. sin 3x.?
lety :sin5x.sin3x:%(25in5x.sin3x)

=>y= %(cost ~ cos8x)

=y :%(COSZX —cos8x)

Differentiate n timesw.r.t x,

n

yn :ld_(COSZX —COS8X) = yn :1 2n COS(ZX +E[) —8”COS(8X +E[j n Oz
2.dx" 2 2 ?

Find nth derivative of e*.cosx.cos2x

COSX.COS2X = %(20052x.cosx) = %(cos&’x +cosX)

Lety :%(cos3x +CosX)
Differentiate ntimesw.r.t x,

y, =1 &
"o2dx"

(eX cos3x +¢€* cosx)

y. :%[(@)n COS(3X +ntm,13)n +(\/§)n +COS(X +ntan’1l)}n 0z = %|:10% COS(3X +ntan™ 3) 4+2n/2 COS(X +%Tji|

- 2 i
Given y= x _1)2(X_2) :[X{Z_xl—l}( partial fractions)

Differentiate n timesw.r.t x,

yn=2[((_1)nm . (—1)"n!]: 2(_1)nn![ 11 M]

x-2)"" (x-1)™ (x-2)"" (x-1)




Sol:

Sal:

2x+1 flnd

2x+1_ A, B
X>—=4 x-2 x+2

Ify=

Let

2x+1=A(x+2) +B(x -2) ----- Q)

In (1) ,Put x:2:5=A(4):>A=‘§1
In(1) ,x:—2:>—3:B(—4):>B:%
2x+1 5 3

Therefore, y

X-4 4(x-2) 4(x+2)
Differentiate n timesw.r.t. x,

z =%[4(x5— 2)" 4(><3+ 2)]

_5| (-1)"n! .3 (-1"nt _ (-2)"n! 5 3
T k-2 A xe)T 4 (x-2) (x+2)”
Find the nth derivative of (i) m (i) (x—l)(lx+22 (iii) (X—l))((x )
(iv) —— Tl (v) sz—tl (vi) Log (4x* -9)
)
ety= X

(x—l)z(x +1)
Resolving into partial fractions
X A B C
= + +
(x-1)*(x+1) x-1 (x-1)* x+1
x = A(x -1)(x +1) +B(x +1) +C(x -1)*----- (1

In(1), put x=1=1=B(1+1) =28:>B=%

In(1), put x=-1=-1=C(-1-1)* =4C=C=~-

J>I|—\

Equating the co . efficient of x> = A+B=0=A
1 .1 1
2(x-1) 2(x—1)2 4(x +1)
Differentiate n timesw.r.t. X,
d’ 1 1 1

Yo T _2(x -1) +2(x—1)2 _4(x +1)

Therefore, y=-

I\JlH



(i)

(iii)

Ans:

(iv)

Ans:

('t L 1(2)(8).(2-n41) 1 (A)'n!
2 (X _1)n+2 4 (X +1)n+1
(=0"nt  (=9)"(n+2)! 1 (-2)"n!
2(X _1)n+2 4 (X +l)n+1

:(_1)n nt 1 n n+1 _ 1
2(X _1)n+1 2(X _1)n+2 4(X +1)n+1

1

Y - (x+2)

1 _ A + B + C
(x=1)(x +2)2 x-1 x+2 (x +2)2
1=A (x+2)* +B(x -1) (x +2) +C(x 1) ---(1)

Resolving into partial fractions

In (1) putx =1=1=A(1+2)" =0A = A =é

In (1) put x=—2=1=C(-2-1) =8C=C=-

Wik

Equating the co — efficient of x* In (1)

A+B=O:>B:—A=—é

1 1 1
9(x-1) 9(x+2) 3(x+2)
Differentiate n timesw.r.t. x,

g y=

_df 11 1
I 9(x-1) 9(x+2) 3(x+2)’

y= () () (- (ne) :(_)nn.[ O W i
"og(x-1)"™ 9(x+2)" 3 (x+2)™* 19(x-1)™ 9(x+2)"" 3(x+2)""
YT (x+

(—1)”n![ 1o, 1 ]

2| (x-)™ (x+1)™

x2+Xx+1
Yo :%{cos(n +1) 6—%sin(n +1) e}

x+1

x> -4




(vi) y= Iog(4x2 —9)
Given y= Iog(4x2 —9) =log[2x -3][2x +3]
=log(2x -3) +log(2x +3)
Differentiating n times,

¥y = (10a(2x =3) log(2x +3)
Y = (-2 (n-1r (-9 2" (n-1)!
(2x-3)" (2x +3)"
n-1 1 1
= (-1)"" 2" (n-1)! +
() 2(n ){(2x—3)” (2x+3)"]
_ a+bx .2
2. Ify= vy then show that 2y1y3—3y5
Sol: Given y=a+bx
c+adx

Differentiate w.r.t.x ,
dy _(c+dx)b-(a+bx)d

dx (c+dx)2
bc+bdx —ad —bdx bc—ad
—=> V1= =
Y1 (c+dx)2 (c+dx)2

Agandiff. w.tt x,
(bc—ad)(-2)d _ —2d(bc —ad)
(c+dx)’  (c+o)’
Diff.wrt.x, we get
_ —2d(bc-ad)(-3).d _ 6d*(bc-ad)

2

? (c+dx)* (c+dx)"*
L H.S=oyy o 2(bc—ad) 6d°(bc—ad) _ 12d? (bc - ad)’
d1.0. y1y3 (C+dX)2 . (C+dX)4 (C+dX)6
= 3{——2(d(bz—)?d)} =3y? =R.H.S.
c+ax

3. Ify=sin(sinx), then show that y, +(tanx)y, +ycos’x =0
Sol: Given y =sin (sinx)

Diff. wrt X,

y, = cos(sinx)cosx

Diff. wrt X,

y, = cosx[ —sin(sinx)]cosx —cos(sinx)sinx

=-cos’ x.sin(sinx) =sinx.cos(sinx)

LHS=y, +(tanx)y, +ycos’ x

= —cos’ xsin(sinx) —sinx.cos(sinx) +SOZ>; cosx (sinx) + SinX.COS(sinx) =0=RHS.




Sal:

Sal:

Sol.

If y=ax""+bx™, then show that x?y, =n(n+1)y.

y=ax"" +bx"

Diff. wrt. X,

y; =a(n +1)x" —bnx "

Diff. wrt X, =y, =an(n+1)x"*+bn(n+1)x "
= X2y, =n(n+1) x* [ax”'l +b.x'”‘2]

= n(n +1)(axn+1 +bx‘”) = n(n+1)y

If y=ae™ +be™ , then show that y, =n?y

y =ae™ +he™

=y, =ane™ —bne™

=y, =an’e™ +bn’ e ™ = n’(a™ +be™)

=y, =n’%

—kx 2
If y=e? (acosnx +bsinnx)then show that y, +ky, +[n2 +k7jy =0.

—kx

y=e? (acosnx +bsinnx)

Differentiating w.r.to x.
LS k) =X
= y,=e? [-ansinnx +bncosnx] +(—Eje2 [acosnx +bsinnx]

—kx
=y, =+e 2 n(-asnnx +bcosnx) —gy

—kx
N y1+§y _ +n_e7(—asinnX +bcosnx) —(1)

Differentiating w.r.to x.

—kx —kx
Y, +%yl =+ne? (_EJ (-asinnx +bcosnx) +n.e 2 [-an.conx —bnsinnx]

= —E( +£ ]—nz = —y. —k_zy—nzy
5 Y1 2y y 172



Sal:

Sal:

2
Oyt kyt (nZ* kﬂw 0

If f(x) = (x-a)? ¢(x) whereg isa polynomial with rational co-efficient, then show that
f(@ =0= f*(a) and f'(a)=2¢(a)

Given f(x)=(x-a)’ ¢x)

Diff. wrt. X,

f(x)=(x-a)" ¢(x) +2(x ) ¢x)
Diff.wrt.x,

£ (x) = (x-a)" & (x) #2(x -a) (x) 2(x ®) 'dx) 2 @)= (x=a) ¢ (x) +4(x -a) 6(x) +2 ¢x)
Now f (a) = (a-a)’ g(a) = 0.p(a) =0

And f'(a)=0¢(a)+0.p(a)=0+0=0

Of(ay & f'(a)

f'(a)=0.¢ (a) +4.0 p(a) +2 ga) 2 ¢a).

If y = e.cosx, then show that y, +4y =0
y = €*.cosx

Herea=1, b=1 and n=4

n
y = €” cogbx +¢) = Yn=(\/a2+b2) e™ cos(bx +c +n6) Wheree=Tan‘1(Ej,
a

4
Now vy, = (\/12 +12) e* cos(x +4tan_1%)
4
Y, = (\/5) € cos(x +4tan 1)
4 T
Ya= (\/5) e cos(x +4Z) =y, = —4€* cosx

y4:_4y: y4+4y:0



10.

Sol:

11.

Sol:

12.

13.

Sal:

If y =x+tan x, then show that vy, cos® x +2x =2y
If yv1+x? = Iog(x +\/1+X2) , then show that (1+x?)y, +xy =1
yV1+x? =Iog(x +/1 +x2)

Differentiating w.r.to x ,

1
2X ++/1+X%2.
y2 Tox? Y1

= 1 (1+ 1 ZXJ
X ++/1+x2 24/1+x

2
— (1+x2)yl+xy = 1+ %2, 1 V1+x% +x -1

X+1+x2  V1+x2 -

Ify=acosx+ (b + 2x) sin x, then show that y, +y =4cosx
y=acox+(b+2x)sinx (1)

Differentiating w.r.to x

y, = —asinx +(b +2x).cosx +2sinx

Again differentiating w.r.to x

y, =-acosx +2cosx —(b +2x) Sin X + 2 coSX

= 4cosx —[acosx +(b +2x).sinx |

=4 cosx —y (from (1))

Hence y, +y=4cosx

Ify = a+be™, then show that y, +4y, =0

If y = ax + b log x, then show that (x*logx-x?)y, =Xy, +y =0

Giveny = ax + blogx
Differentiating wrt. X,

_ b
yl_a+;’

Diff. wrtx , =y, =-—
X



14.

Sol:

15.

Sal:

Now L.H.S= (x*logx—x)y, =xy, +y

=x° (Iogx—l)(—%} —x(a +Ej +ax +blog x
X X

=-b(logx—1) —ax —b +ax +blogx

=-blogx+b—blogx=0=R.H.S

If y = a cosec (b —X), then show that yy, —=2y; =y

y =acosec (b —Xx) ----- 1)
Differentiating w.r.to x

y, = —acosec(b -x)cot(b -x)( -1)

Y1 =Y.cot(b—x) ---(2)

Diff .with respect x,

y, = —ycosec? (b —x)( -1) +cot (b -x).y;
= ycosec’ (b-x) +y, cot (b —x)

2

iy

=y, = ycosec’ (b-x) + Y

= Yy, =y’ cosec’ (b—x) +y;

= yy, = 2y; cosec’ (b -x) —y* cot? (b —x) =y?
If ay* =(x+b)’, then show that Syy, = y?.
Given ay*=(x+b)’

A

=y :;}l(x+b)5

= y:i}/(x+b)% ( finding the 4™ root)
a 4

Differentiating w.rto x, = vy, :L.E.(x+b)”4
a4



51

Diffwrtx, =y, = }/ (x+b) o
4
Now
LH.S=5yy, =5 (x+b)** —>_ (x+b) % = — 2 _(x+b)
a%‘ ].6{:1%1 16(61%‘)

- { > (x+b)%‘}2 = y?

da’4
16. If y = 6(x+1) +(A+Bx)e¥, then show that y, —6y, +9y =54x +18

1. If 60Fm ;] besuch that cos8 = ~ X and sinB=

1
Ve +1 NED'G

0xJ R, then provethat

1-1
i) n" derivative of tan'l( 2x j s 201 (r:; )!sinne
. (+°)

i) n™" derivative of tan” (“—Xj is (-1)"" (n-1)!sin" Bsinn®

i) n™ derivative of tan” [ ]IS?; (-1)"".(n-1)!'sin" (sinné)

Sol: i) let y:tan‘( j put x = tan 8 then 6=tanx

2tan©

= y:tan‘l(—zjz tan™ (tan 26) =26= 2tan™ x
1-tan” 6

Therefore, y=2tan™"x

Differentiate wrt. X,

_ 1 _ 2
= %=2 1+x2 ) 1+

—,——} ( partial fractions)



Differentiating n-1 times w.rt. x,

o2

ey (e
(x=i)" (x+i)" |7

i
. _ 1
let x=rcosO and 1=rsin6= sinB==
r

Thenx + i=r (cosB +isin6)
Now 1+x2=r?=r =+1+x2
and tan6=1:>9=tan'l(1j

X X
Now (x+i)" =r"(cosn® +isinne)

1
(x+i)’

=r"(cosn@ —isinne)

(x=i)" =r"(cosn@ -isinne)

—=r""(cosnB +isinne)
(1)
1 1

O (x—i)”_ (x+i)”_ r"(2isind )__ (2

_1 _q\n1 _ -n _—
From (1) and (2) yn—i—[( )" (n 1)!{r (ZIQHHG}}
n-1 1 .
=2(-1) (n—l)!r—nsmne

= 2(-1)""(n-1)!sinn@.sin" (6)




i) Let y:tan‘l(?j =tan™ (1) +tan™(x) proceed as above problem
-X

3x-x
XZ

i) Let y=tan‘1[ }:stan‘l(x) as above problem.

d’y _ h*-ab
2

d® (hx + by)3

2. If ax*+2hxy +by® =1, then show that
Sol: Given eguation
ax® + 2hxy +by* =1 (1)
Differentiating w.r.to x,

dy dy
a(2x)+2h| x=+vy.1|+b2y—= =
( ) ( dx yj ydx

- 2%(hx+by) =-2(ax +hy)

g__(ax+hy)
T odx (hx+by) —0

Differentiating w.r.to x

a7y {(hx+by)(a+h3§(’j ~(ax +hy)(h +b.giﬂ

dx? (hx+ by)2
_ _h(ax+hy) _b(ax+hy)
_ (hx+by){a hx + by } +(ax +hy){h hx +by
(hx+Dby)
_ (hx+by)(ahx+aby—ahx—h2y) +(ax +hy)(h2x +bhy —ahx —bhy)
B (hx+by)*
(hx+by)(ab—h?)y +(ax +hy)(n* -ah)x

(hx+ by)3

(h* —ab)(hxy +by? +ax® +hxy)
(hx+by)3

_(h*-ab)(ax +2xy +by?) _(h* -ab).1_ (h* -ab)

(hx+ by)3 (hx+ by)3 (hx +by)3




Sol:

Sol.

If y=ae™ cos(cx+d) then show that y, +2by, +(b* +c*)y =0

y =ae™ cos(cx +d)--------- (N

Diff. wr.t X,

y, =ae™[ —sin(cx +d)c] +acos(cx +d)e™ ()

= (-b).y —ace™.sin(cx +d)

y, +by = —ace™sin(cx+d)___ (2)
Differentiating w.r.to x

y, +by, = —ac(e‘bX cos(cx +d)).c +(-b)e™.sin(cx +d))
=—c*(ae™ cos(cx+d)) -b[ -ace™sin(cx +d) ]
=~c’| ae™ cos(cx+d) | ~b[ -aee™sin(cx +d) |
= —c’y-b(y, +by) from (1) and (2)

= —c’y-by, ~b’y

y, + 2by, +(b2 +cz) y =0.

n

. d 1 1
if y= x"logx), provethat y =n!|logx+1+=+=
y=—5(x"1ogx), p Y, { gX+1+7 42

n

x".log X
OIXn( g X)

=D""(Dx".log x)

Yo =

= D“‘l(xnl +nx""log xj
X

-p™t (Xn—l "t log X)
=D"X"* +nD"*X"* log X
=(n-1)!+ny,,

- Y, =Ny, =(n-12)!
dividing with n!,



Yo~ Yoa :1______
nt (n-1)! n @)

In (1), put n=1,2,3,4,5-----n, then

L—ﬁ:l
1 0

yz—ﬁzl
20 1 2

Adding above n equations, we get

Yo_Yo_q,1 1
n 1 2 n



LEIBNITZ THEOREM

If f, g are two functionsin x having n™ derivatives then

(fg)™ () ="Cof ™ ()g(x) +"Cf P (g (x) +"Cof " (x)g? (x) +... +"CF " (x)g (x) +
. +"C f(x)g" (x).

Proof :

Let S(n) be the statement that

(fg)" () ="Cof "()g(x) + "C;f "H(X)g'(x) +..+"CF T (x)g" (x) +... +"Cof (x)g" ()

Now (fg)'(x) =f (x)d (x) +g(x)f' (x) ( product rule)

From above statement, (fg)' =Cf'(x)g(x) +C,f (xX)g (X)

0 S(1) istrue.

Assume that S(k) istrue.

0(f)® (xF “Cof W (x)a0d “Cf “P g0 .+ *CF (g0 (xF .+ *Cuf (x)g™ (x)
Now

(fg) " (x) =[(fg)™ ()1

= di( kCOf () (x)g(x) + kCZf (k-1) (X)g'(X) +... + kcrf (k-r) (X)g(r) (X) +... +kaf (X)g(k) (X))
X

= KCof D (x)g(x) + Cof ¥ (x)g'(x) +*Cf O (x)g (x) +*C,f “ D (x)g@ (x) +... +
*CFETD(x) g (x) + *C FE T (x)g P (x) +... +KCf(x)g™ (x) +4Cif (x)g* P (x)

= F*D0g(x) +| “Co+*C [f R (g (x) H *C, +4C, [IEP()gP (x) +.. + [Cy #C ]

FETD 009" () +... +F () g* P (x)
— (k+D C()f (k+1) (X)g(X) + (k+1)le (k+1-1) (X)g'(X) +(k +) sz (k 1-2) (X)g(2) (X) 4+ +(k 'H.)Crf (k 4+) (X)
g (x) +...+ “ICf ()" P (%)
O Sk+1)istrue.

By principle of Mathematical Induction S(n) istrue for al n I N.
0(fg) ™ (xF "Cof (g0 "Cf PG () 4 "CEOT()gP () .+ "Cif (g™ (x)



