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IITJEE-2004 Mains Paper

Mathematics

Time: 2 hours

Note:  Question number | to 10 carries 2 marks each and 11 to 20 carries 4 marks each.

. Find the centre and radius of the circle formed by all the points represented by z = x + iy satisfying the
Z—0
relation |‘ B‘l =k (k# 1) where a and [ are constant complex numbers given by a=o; + 1., p= B + 1Ps.
E Ly
Sol.
a Kk P 1 B
e 4 #
KB + o
D K—1
K+1

Centre is the mid-point of points dividing the join of o and 3 in the ratio k : 1 internally
and externally

2
T k[3+u KB - a c:—kB
2\ k+1 k-1

1-k®
radius = | _kEB—kB+ﬂ‘= K(o-p)
|1-k2 1k | | 1-K2 |
Alternative:
|z—qf
We have =k
|z— Bl

so that (z—a)Z—-a)=k>(z-B)NZ-P)
or ﬁ—(ﬁ—ﬁzﬂxﬁ=k2(-ﬁ—ﬂi—ﬁz+ﬁg}

or EE(I—](2 )—({I—KZB)E—(E— I{EE)E—I—DLC&_—](EBE: 0

o —k*B a-k’p = 3 3am
or ﬁ—( 5 )E—( 5 )z+ﬂﬁL k,ﬁBB=ﬂ
1-k 1-k 1-k~
a-kp o [(@-KB)(@-KB) oa-12pp _ [k(x-p)
which represents a circle with centre — and radius = = = s
-k’ (1-K2) (1-x) 'S
2% a, b, , dare four distinct vectors satisfying the conditions axb=cxdandaxcé=bxd, then prove
thata-b+¢-d=a-¢+b-d.
Sol.  Giventhat axb=¢xdandaxc=bxd
:»fix(t;—é)=(¢—ti]xd=dx(t;— ) > d-d||b-¢
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2

: . : nl o, . : .
3 Using permutation or otherwise prove that — Isan integer, where n is a positive integer.
(nl)
Sol.  Let there be n” objects distributed in n groups, each group containing n identical objects. So number of
5, G n’! :
arrangement of these n” objects are - and number of arrangements has to be an integer.
(n!)
2
1 T :
Hence - Is an integer.
(n !}I'I
4, If M is a 3 x 3 matrix, where M'M = I and det (M) = 1, then prove that det (M — 1) = 0.

So. M-D'=M'-I=M'-M'M=M'(1-M)
=S| M=DN=M=-1=MTN|I-M=1-M| = M-=1=0.

Alternate: det (M — 1) = det (M — I) det (M") = det (MM' — M")
=det(I-M')=—det(M' = D)=—det(M-1) =—detM—-1) = det(M-1)=0.

2
X

5., If y (x) = J'

l'l i
n- /16

. df
ki cfs\fﬁde then find = at x = .
l+5in'J§ dx

2
X

Sol. y= ICDSK'C,?S\/EdEl:msx I
I+5in‘v’§

By 2
/16 /16

COs \4@ do

| +sin’ \/E

.‘{:
d ) cos+/0 2X COSX-COS X
so that —y:—ﬂmx 1‘/_ do +

dx 2._ml+s.inz Jo | +sin’ X

T

d 2m(—1)-1
Hence,atx=m—}?:0+ i), }ZETT

dx 1+0

6. T is a parallelopiped in which A, B, C and D are vertices of one face. And the face just above it has
corresponding vertices A', B', C', D'. T i1s now compressed to S with face ABCD remaining same and A’,
B', C', D' shifted to A", B”, C", D" in S. The volume of parallelopiped S is reduced to 90% of T. Prove that
locus of A" is a plane.

Sol.  Let the equation of the plane ABCD be ax + by + ¢z + d = 0, the point A" be (c, B, v) and the height of the
parallelopiped ABCD be h.

Lokiliaadfn =09h.= ac+bp+cy+d :iﬂ.QhJaz +b? +c?
Jaz +b? +c?
—> the locus of A" is a plane parallel to the plane ABCD.
¥ Iff:[-1,1] > Rand f (0) = lIm nf[lj and f (0) = 0. Find the value of lIim E(n+l}~1:+|:1+5" [l]—n.
n—»o0 n n—sao T n
. ; o= ] T
Given that 0 <|lim cos [—] S=.
n—soo n Fi

Sol. [im E(n+]}n;:a::'-:=s‘] l—n = |im r{z[l +L] cos | 1_ }

n—rez TT n n—»a0 T n n

.
= lim nf[l]:f’(i}) where f(x)= =(1+x)cos™ x—1.
T

f—ro n

Clearly, £(0) = 0.
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-T[ g

Now, f’ (x) = g[(]ﬂx{} = +cos x}

l—x
_in)
= ' (0) = 2[—1+3}= 3[“ “} =12
| 2 | 2 s
8. o (= 51x'" —2323x'" — 45x + 1035, using Rolle’s Theorem, prove that atleast one root lies between
(45", 46).
Sl papagh usye
Sol. Letg(x)= x)dx = = 2 +1035x +¢
g (0= [pCo e 3
- lxmz 235 —Exz +1035x +c.
2 2
102 01 4 > |

Now g (45"1%) = %(45)@ ~23(45)100 —?(-ﬁm +1035(45)100 +c=c

102
46
g (46) = ( ; ~23(46)"" —42—5(46)2 +1035(46)+c=c.
So g’ (x) = p (x) will have atleast one root in given interval.

9. A plane 1s parallel to two lines whose direction ratios are (1, 0, —1) and (-1, 1, 0) and 1t contains the point
(1, 1, 1). If it cuts coordinate axis at A, B, C, then find the volume of the tetrahedron OABC.

Sol. Let(l, m, n) be the direction ratios of the normal to the required plane so that] —n=0and -1 +m =0
— | = m = n and hence the equation of the plane containing (1, 1, 1) is %+%+§ —i
Its intercepts with the coordinate axes are A (3, 0,0); B (0, 3, 0); C (0, 0, 3). Hence the volume of OABC
3 0 0f S
= E; 0 3 0 = %:Ecubic units.
0 0 3
10. [f A and B are two independent events, prove that P (A u B). P (A'mB’) < P (C), where C 1s an event

defined that exactly one of A and B occurs.

Sol. P(AUB).PAYPBN<(P(A)+P(B)P(A)P(B)
=P(A).P(AHYPB)Y+P(B)P(A")P(B)
= AP (E)(1=F () +P(B) Pla) (1-P(B))
<P(A)P(B")+P(B)P(A")=P(C).
(x +l)2 +y-3
(x+1)

. Find the

11. A curve passes through (2, 0) and the slope of tangent at point P (x, y) equals

equation of the curve and area enclosed by the curve and the x-axis in the fourth quadrant.

F !

2
x+1) +v-3
gop By _(x+1) +y
dx X +1
or, dy:(x+l)+}f_3
dx X +1
Puttingx+1=X,y-3=Y
@& . Y
dX X
a¥ ¥ _

dX X
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X + |

It passes through (2, 0) = ¢ = -4.
So,y—3=(x+1)Y—-4x+1)

= y=x’-2x

. 2
— Required area = = {KT - xg} =§ sq. units.

0

2
I(xz — 21){1:{
0

122, A circle touches the line 2x + 3y + 1 = 0 at the point (I, —1) and 1s orthogonal to the circle which has the
line segment having end points (0, —1) and (-2, 3) as the diameter.

Sol. Let the circle with tangent 2x + 3y + 1 =0at (1, - 1) be
x=1)Y+F+ 1) +A(2x+3y+1)=0
or X +y +x(2A-2)+y(BA+2)+2+A=0.
It is orthogonal to x(x +2) +(y + I}y —3)=0
Orx*+y* +2x—2y—-3=0

so that 2{2l_2}+[2)+2(3}”+2}(_2J:2+}L—3 S an o,
2 2 2 2 2

Hence the required circle is 2x* + 2y* — 10x — 5y + 1 = 0.

13. At any point P on the parabola y* — 2y — 4x + 5 = 0, a tangent is drawn which meets the directrix at Q. Find

the locus of point R which divides QP externally in the ratio %: 1.

Sol.  Any point on the parabola is P (1 + t°, 1 + 2t). The equation of the tangent at P is t (y — 1) = x — | + t* which

meets the directrix x = 0 at Q(ﬂ, 1+t —%] . Let R be (h, k).

Since 1t divides QP externally in the ratlnE: 1, Q is the mid point of RP

So that +(h+1)=0 Or(k—1)>(h+1)+4=0.

(1-k)’
Hence locus is (y — 1)* (x + 1) + 4 = 0.

T 2 3
14. Evaluate I & +.4K dx.

-n/3 2 —C0oS [| X | +Ej
3

/3

(m +4x3) dx

-n/3 2 —CO0s [| X |+ E]
3

x/l /3

5] = j‘ 21 dx _ J‘ 21 dx

T n
—n.-'BE—CDS(|K|+5J 0 2—c05{x+§J

Sol. 1=




I

Sol.

16.

Sol.

12
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| w2 b
o dt el DOt ow a4t
= [E—=1=2n | sl [ =t [e
i 2 S 3 1e3tan’ S uﬁ(L] 3
J3

[—%ﬂ [tﬂ"_l‘ﬂl;r I[ "E—EJ—%tan][%].

If a, b, c are positive real numbers, then prove that [(1 +a) (1 +b) (1 +¢)]’> 7" a' b’ ¢".

(1 +a)(l +b)(]l+c)y=1+ab+a+b+etabe+ac+be
s (1 +a){l+l;)(]+c:)—l
=(1+a)(1+b)(1+c)—1>7(@" b"c"h"
= ((1+a)(1+b)(1+c)>7@" b cH”

= (1 +:;)?(1 +b) (1 +¢) =7 (a*. b*. ).

> (ab. a. b. c. abc. ac. be)"’  (using AM = GM)

bsin"[“c], —l-::x-::(}
2 2
f(:s{}::%, x=0
PR l
5 . O<x<—
A

If f(x) 1s differentiable at x =0 and | ¢ |ﬂ:% then find the value of a’ and prove that 64b” = (4 — ¢?).
f(0H)=1f(0")= f{ﬂ)

?_ D
Here f(0") = lim Lo lim = ]-E=E+
X—»o0 X X—»a0 ﬁ 2 2
2
—b sin”' = =E:l:}a:].
2 2 2
bsin™' LS b/
Lf(0)= lim 2 2
h—0" h EE
=
4
h/2 ]_l
RE@O)= hm —B 2.1
h—0" h 8
b
NowL £ (0)=Rf (0,) = ——2— =
? 8
-
4
¢ 4-c?
4b = ,[1-— = 16b* = = 64b° =4 -,
: Ix-(x+1) T . : S
Prove that sinx +2x > vV xe|l, 5| (Justify the inequality, if any used).
s



Sol.

18.

Sol.

www.JbigDeal.com

Let f(x)=3x>+(3-2n) x - wsin x
T

f(0)=0,f|=| =-

©=0.1(2) =-ve

f(x)=6x+3-2n-mcosx
f'(x)=6+7msinx>0

— ' (x) is increasing function in [(}1 %}

—> there i1s no local maxima of f(x)
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am—

in {{], E}
2

—> graph of f{x) always lies below the x-axis

n [{], E} ;
2

= f(x)<0inx E|:'U,

4

/2

¥ . .
IK“+3X <X+ wsSINX = smx +2x 2

d

3x (x +1)

e

0
= C

A bl, B=

1 d b

- o B

I
d
g

C
h_

g M=

g1,
h

V=

O X

I
X

y

0 |. If there 1s vector matrix X, such that AX = U has

infinitely many solutions, then prove that BX = V cannot have a unique solution. If afd # 0 then prove that

BX = V has no solution.

AX = U has infinite solutions = |A| =0

a 0
|

]
¢ bl=0=ab=1lorc=d
]l d b

=U=e=h:

I
o O o
g =+

=1

IB,| = = a’cf = a’df

= = B

d
1Az = |1
|

(since c =d)

- g

=0 (sincec=d, g=h)

o o —~

(since C, and C; are equal)

=0=g=h

=—=e=hue=d—e=dand g=h

— BX = V has no unique solution.



19.

Sol.

20.

Sol.
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a 1 a’
Bi|=10 d 0|=a’df
f ¢ 0

since 1f adf = 0 then |B,| = |Bs| # 0. Hence no solution exist.

A bag contains 12 red balls and 6 white balls. Six balls are drawn one by one without replacement of which
atleast 4 balls are white. Find the probability that in the next two draws exactly one white ball is drawn.
(leave the answer in terms of "C,).

Let P(A) be the probability that atleast 4 white balls have been drawn.
P(A,) be the probability that exactly 4 white balls have been drawn.
P(A,) be the probability that exactly 5 white balls have been drawn.
P(A;) be the probability that exactly 6 white balls have been drawn.

P(B) be the probability that exactly 1 white ball is drawn from two draws.

3 12 6 | (b 2 12 &) 11 |
e B C C C, G
ZP(A1)P(BJ‘;‘AI) 2 4‘ 1 |+ | 5‘ 1 1
: IEC 1EC IEC IEC
P(B/A) = = - 6 2 6 2
3 12 b 12 ¥ 12 4
Cq C4 Cl C.; Cﬂ Clﬁ
ZP(Ai) 8 T BT
1=1 C.r;. Cﬁ C{‘r

B |3,G2 E‘C4 mC] zcl 412 CI ﬁcﬁ ”C1 IC]
12 C, (]ECQ f.C4 +|2 CI ﬁC5 +|2 Cﬂ ﬁCﬁ)

Two planes P, and P, pass through origin. Two lines L, and L, also passing through origin are such that L,
lies on P, but not on P>, L, lies on P, but not on P,. A, B, C are three points other than origin, then prove
that the permutation [A’, B’, C'] of [A, B, C] exists such that

(1). A lieson L, B lies on P, not on L,, C does not lie on P,.

(11). A' lies on L-, B’ lies on P> not on L,, C’ does not lie on P-.

A corresponds to one of A’, B', C" and

B corresponds to one of the remaining of A", B', C" and
C corresponds to third of A’, B, C'.

Hence six such permutations are possible

eg One of the permutations may A=A";B=B',C=C’
From the given conditions:

A lieson L.

B lies on the line of intersection of P, and P,

and ‘C’ lies on the line L, on the plane P,.

Now, A’ lieson L, = C.

B’ lies on the line of intersection of P, and P, =B

C' lie on L, on plane P, = A.

Hence there exist a particular set [A', B', C'] which is the permutation of [A, B, C] such that both (i) and
(11) is satisfied. Here [A', B', C'] = [CBA].



